To better understand the progression of heterogeneous breast cancers, four models of progession pathways have been evaluated. The models describe the progression through the grades of ductal carcinoma in situ (DCIS) 1, 2, and 3, and through the grades of invasive ductal carcinoma (IDC) 1, 2, and 3. The first three pathways, termed linear, nonlinear, and branched, describe DCIS as a progenitor of IDC, and grades of DCIS progressing into grades of IDC. The fourth pathway, termed parallel, describes DCIS and IDC as diverging from a common progenitor and progressing through grades in parallel. The best transition rates for the linear, nonlinear, and branched pathways were sought using a random search in combination with a directed search based on the Nelder-Mead simplex method. Parameter values for the parallel pathway were determined with heuristic graphs. Results of computer simulation were compared with clinically observed frequencies of grades of DCIS and grades of IDC that were reported to occur together in heterogeneous tumors. Each of the four pathways could simulate frequencies that resembled, to varying degrees, the clinical observations. The parallel pathway produced the best correspondence with clinical observations. These results quantify the traditional descriptions in which grades of DCIS are the progenitors of grades of IDC. The results also raise the alternative possibility that, in some tumors with both components, DCIS and IDC may have diverged from a common progenitor. r
Introduction
Diagnosis of breast cancer depends, in part, on the pathological evaluation and classification of biopsy specimens. The interpretation of the diagnostic classifications influences prognosis and therapeutic decisions. Among the classes used to describe microscopic specimens are the following: hyperplasia (increased numbers of cells), atypical hyperplasia (increased numbers of cells with abnormal morphology), ductal carcinoma in situ (increased numbers of cells with very abnormal morphology within a duct), and invasive carcinoma (abnormal cells outside of the duct). The invasive carcinomas are considered to lead to metastasis, the formation of secondary tumors, which is the most dangerous form of cancer. Ductal carcinoma in situ and invasive ductal carcinoma specimens are each further subclassified as low, intermediate, or high grade (DCIS 1, 2, or 3, or IDC 1, 2, or 3).
The proportion of patients diagnosed with DCIS, and with a mixture of DCIS and IDC, is increasing as mammography and self-examination become more common. It is important to able to predict how a tumor will progress, since this may influence treatment decisions. Several pathways describing the relationship between grades of DCIS and grades of IDC have been proposed (Buerger et al., 1999; Gupta et al., 1997; Leong et al., 2001; Mommers et al., 2001b; Roylance et al., 1999 Roylance et al., , 2002 . However, it is not clear which pathway best describes the biological relationship between grades of DCIS and IDC.
The purpose of this communication is to evaluate several possible pathways for breast tumor progression, with a focus on the relationship between grades of DCIS and IDC that are found to occur together in heterogeneous breast tumors. In a previous communication, linear and nonlinear pathways were investigated using genetic algorithms to search for transition rates that would match clinical observations (Subramanian and Axelrod, 2001 ). Such transition rates were not found, and it was concluded that the pathways were an inadequate description of the relationship between grades of DCIS and IDC. In this communication, the best transition rates for the Linear, nonlinear, and branched pathways were sought using a random search in combination with a directed search based on the Nelder-Mead simplex method. Rate constants were found for the linear and the nonlinear pathways, as well as for two additional pathways, branched and parallel. Three of these pathways describe grades of DCIS as progenitors to grades of IDC. On the other hand, the parallel pathway describes DCIS and IDC as diverging from a common progenitor and then each progressing through grades 1, 2, and 3. The parallel pathway most closely simulates the clinical observations.
Data and methods

Mathematical models of pathways
Four different biological pathways, termed linear, nonlinear, branched and parallel, were considered. The parallel pathway was modeled with heuristic graphs, and is described in the Results section. The linear, nonlinear, and branched pathways were interpreted mathematically as compartment models with forward transition rates between grades in an explicit series of coupled differential equations. The differential equations describing the concentration of each of the grades as a function of time (t) are given below for each pathway. The rate constants (k) for each pathway govern the rates of transition in and out of different grades of the tumor. For a set of rate constants, and given the initial condition that all the cells start with atypical hyperplasia (at time t ¼ 0; ½AH ¼ 1; and all the other concentrations are equal to 0), the differential equations were solved with MATLAB function ode45 (MathWorks, Inc., Natick, MA) to obtain the concentrations as a function of time.
Linear pathway
The linear pathway ( Fig. 1 ), described previously, was unsuccessfully simulated by a genetic algorithm (Subramanian and Axelrod, 2001) . The pathway starts with atypical hyperplasia (AH), continues consecutively through the three grades of DCIS, from DCIS 3 to IDC 1, and then through the three grades of IDC before reaching metastasis (M). The frequencies of each of the grades of DCIS and IDC were observed in the specimens and reported, but the frequencies of atypical hyperplasia and of metastasis were not reported. The grades of DCIS and IDC were the subject of this study.
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d½AH dt ¼ Àk 0 ½AH; d½DCIS1 dt ¼ k 0 ½AH À k 1 ½DCIS1; d½DCIS2 dt ¼ k 1 ½DCIS1 À k 2 ½DCIS2; d½DCIS3 dt ¼ k 2 ½DCIS2 À k 3 ½DCIS3; d½IDC1 dt ¼ k 3 ½DCIS3 À k 4 ½IDC1; d½IDC2 dt ¼ k 4 ½IDC1 À k 5 ½IDC2; d½IDC3 dt ¼ k 5 ½IDC2 À k 6 ½IDC3:
Nonlinear pathway
The nonlinear pathway (Fig. 2 ) is more complete than the nonlinear pathway previously described (Subramanian and Axelrod, 2001 ). In the previous study, only three different values were used to describe nine possible transitions. In order to remove constraints, the present study allows different values for each of the nine transitions. The rate constant k 0 corresponds to the transition from atypical hyperplasia to the lowest grade of DCIS, k 1 and k 2 correspond to transitions between different grades of DCIS, k 3 ; k 4 ; and k 5 correspond to transitions between the grades of DCIS and IDC, k 6 and k 7 correspond to transitions between different grades of IDC, and k 8 corresponds to the transition from the highest grade of IDC to metastasis.
2.1.3. Branched pathway The branched pathway (Fig. 3) is a more elaborate version of the previous pathway, describing additional transitions. There are transition rate constants k 0 ; k 1 ; and k 2 from atypical hyperplasia to the three grades of DCIS, k 3 and k 4 between the grades of DCIS, k 5 ; k 6 ; and k 7 between grades of DCIS and grades of IDC, k 8 and k 9 between the grades of IDC, and k 10 ; k 11 ; and k 12 from the grades of IDC to metastasis. 
Sources of data
Three publications were found, using the Medline literature database, which reported co-occurrence frequencies of grades of DCIS and grades of IDC in clinical specimens, and used two different systems to grade DCIS. These two systems were Van Nuys (Silverstein et al., 1995) and Holland (Holland et al., 1994) . These systems each take into account nuclear and histological features, with the Van Nuys system emphasizing necrosis and the Holland system emphasizing architectural pattern. However, the two systems are common in designating three grades of DCIS. The three laboratories used the same system to grade IDC (Elston and Ellis, 1991) . This system utilizes a semiquantitative evaluation of three morphological features -percent of tubule formation, degree of nuclear pleomorphism, and number of mitoses per unit area.
Data were obtained from the following publications: Gupta et al. (1997) Cadman et al. (1997) contingency coefficient can be calculated to test the association between the reported grades of DCIS and IDC. The contingency coefficient is a transformation of the chi-squared statistic so that the value of the contingency coefficent is in the range of 0 and 1, where high values indicate that there is dependence between variables. The contingency coefficient of the Van Nuys observations is 0.580, and of the Holland observations is 0.576.
Optimization procedure
The set of transition rate constants that produced the best correspondence of co-occurrence frequencies between each pathway and the clinically observed data was sought. A random sampling algorithm was used to obtain seed values for a directed search.
For each pathway, the following procedure was used. First, sets of rate constants were generated for the pathway using the MATLAB rand function. Rate constants were randomly chosen from a uniform distribution between zero and one. The rate constants in each set were normalized by setting their sum equal to one, to control for the speed of progression through the different grades. Each of these sets of rate constants determined the frequency of cells flowing through each of the three grades of DCIS and IDC as a function of time. The solutions to the differential equations were determined with MATLAB using the ode45 function.
The most frequently occurring grade of each DCIS and IDC was determined simultaneously at evenly spaced times within the interval in which there was more than 5% concentration of cells in DCIS and 5% in IDC. These grades are analogous to the most predominant grade of DCIS and grade of IDC in a single specimen reported by pathologists. Each pair of most frequently occurring grades was defined as a cooccurrence and was entered in the co-occurrence matrix. Sampling within this time interval is similar to the collection of multiple clinical specimens, if there is no bias in favor of collecting specimens of any particular grade.
The similarity between each generated co-occurrence matrix and the observed co-occurrence matrix was evaluated by calculating the root mean squared deviation (RMSD), as described below. For the linear and nonlinear pathways, 2000 rate constants were randomly generated and then sorted by RMSD; for the branched pathway, which has more transitions and a much larger parameter space to be explored than the other models,100,000 rate constants were randomly generated and sorted by RMSD. The set of rate constants from the random search that produced the smallest deviation, was used as the seed for the fminsearch function of the MATLAB optimization toolbox. The fminsearch function is a directed search algorithm that uses the Nelder-Mead simplex method (Lagarias et al., 1998) . The co-occurrence matrices and the corresponding sets of rate constants that produced the smallest deviation are reported in the Results section.
Criteria for modeling success
The root mean squared deviation (RMSD) between the nine entries cði; jÞ in the clinically observed cooccurrence matrix, and the corresponding entries from the simulated co-occurrrence matrix bði; jÞ is:
where, i ¼ 1; 2, 3 and j ¼ 1; 2, 3. The goal was to find a minimum RMSD between the simulated results and the clinical observations, and one that is as small as the RMSD between repeated observations. The variation between repeated observations was indicated by the RMSD between observed frequencies reported by the same laboratories using two related, but different, criteria for classification, i.e. the Van Nuys system and the Holland system.
Results
Directed search algorithm replaces genetic algorithm
Previously, a genetic algorithm was used to search for transition rates for a linear pathway with seven rate constants, and a nonlinear pathway with three rate constants, that would reproduce the observed co-occurrence frequencies of ductal carcinoma in situ (DCIS) grades 1, 2, and 3, and of invasive ductal carcinoma (IDC) grades 1, 2, and 3 (Subramanian and Axelrod, 2001 ). The genetic algorithm was trained to minimize the RMSD between the simulated results and the sum of the observations of five clinical laboratories. The best RMSDs, normalized to the sum of 1038, for the linear and the nonlinear pathways were 146 and 135, respectively. However, the best transition rates that gave the lowest RMSD produced unacceptable co-occurrence frequencies, i.e. several simulated co-occurrence frequencies were zero, including the most populated entries on the diagonal of the matrix, whereas the corresponding observed frequencies were not zero (Subramanian and Axelrod, 2001 , Table 2 ). It was concluded that the genetic algorithm did not produce transition rates for the linear and nonlinear pathways that satisfactorily simulated the observed co-occurrence frequencies.
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A revised and corrected genetic algorithm produced a different set of transition rate constants and corresponding co-occurrence matrices. The best RMSDs for the linear and nonlinear pathways were 127 and 72, respectively. Again, the transition rates that gave the best RMSDs were unacceptable in that some simulated co-occurrence frequencies were zero, but the corresponding observed frequencies were not zero. The conclusion from the results with the revised and corrected genetic algorithm is similar to that previously reported, i.e. the pathways considered and the genetic algorithm did not produce transition rates for the linear and nonlinear pathways that satisfactorily simulated the observed co-occurrence frequencies.
The inability of the genetic algorithm to find adequate transition rate constants for the linear and nonlinear pathways that could reproduce the observed co-occurrence frequencies may have been due to one or more possible circumstances. First, the genetic algorithm used may have had limitations, such as becoming trapped in a local minimum. Second, the linear and nonlinear pathways may have been inadequate because they did not fully describe the biological situation. Third, pooling five observational data sets that used several different systems of classification may have produced a combined data set that did not accurately reflect the biological situation.
Each of these possibilities has been taken into account in this communication. First, instead of using a genetic algorithm that was directed to seek transition rates that would minimize the RMSD between simulated results and observations, a sampling algorithm is used to generate a large number of random sets of transition rates. After the sets of transition rates are generated and sorted by RMSD, the one yielding the best (least) RMSD is entered as a seed into the fminsearch function of MATLAB. The fminsearch function is unlikely to become trapped in a local minimum. Second, instead of only the two pathways previously investigated, four pathways are now considered-the linear pathway, a more general nonlinear pathway with additional transition rates, a branched pathway, and a parallel pathway. Third, instead of combining data from five laboratories that used different criteria for classification, the data used comes from three clinical laboratories, each of which report classification of their same specimens by the same two systems, Van Nuys and Holland, providing a measure of reproducibility.
Linear pathway
The linear pathway allowed progression consecutively through the three grades of DCIS, from DCIS 3 to IDC 1, and then through the three grades of IDC (Fig. 1) . Two thousand sets of seven transition rate constants were randomly generated by the sampling algorithm, and the resulting co-occurrence frequencies for each set were calculated. The transition rate constants were sorted based on their ability to reproduce the observed co-occurrence frequencies; that is, to produce the least RMSD between the simulated and observed co-occurrence frequencies. The set of best transition rates were used as a seed for optimization by the directed search method. The best rate constants are shown in Fig. 1 . The simulated co-occurrence frequencies are shown in Table  1 together with the observed co-occurrence frequencies classified by the Van Nuys and Holland systems. Note that the linear pathway simulated four out of the nine co-occurrence frequencies with zero values, whereas none of the observed values were zero. The overall performance of the linear pathway was judged by the RMSD between the simulated co-occurrence frequencies and the observed co-occurrence frequencies (Table 5) . The difference between the simulated linear pathway and the clinical observations was RMSD=21.15. This is larger than the deviation between the observations classified by the Van Nuys system and the observations classified by the Holland system, RMSD=18.38.
Nonlinear pathway
The nonlinear pathway previously described took into account the possibility that transitions occur between the low grade of DCIS and the low grade of IDC, between the intermediate grade of DCIS and the intermediate grade of IDC, and between the high grade of DCIS and the high grade of IDC (Subramanian and Axelrod, 2001 ). Previously, only three transition rate constants were allowed. Three transition rate constants may not have been adequate to describe the nine possible transitions. Therefore, a nonlinear pathway was investigated with nine different transition rate constants, one for each of the transitions. The best rate constants are shown in Fig. 2 , and the simulated co-occurrence frequencies, together with the observed co-occurrence frequencies, are shown in Table 2 . The nonlinear pathway is even worse than the linear pathway in simulating the observed co-occurrence frequencies, as indicated by the RMSD=24.54 (Table 5 ). In addition, the nonlinear pathway is unsatisfactory because it simulated four out of nine co-occurrence frequencies with zero values, whereas none of the observed values were zero.
Branched pathway
The branched pathway differs from the nonlinear pathway, described above, in that it includes additional transitions between atypical hyperplasia (AH) and each grade of DCIS, and between each grade of IDC and metastasis (M) (Fig. 3) . This figure includes the best set of transition rate constants, i.e. those that produced the least RMSD between the simulated and observed cooccurrence frequencies. The simulated co-occurrence frequencies for the branched pathway are shown in Table 3 , together with observed co-occurrence frequencies classified by the Van Nuys and Holland systems. Note that the best co-occurrence frequencies simulated by the branched pathway produced zero values for four of the nine co-occurrence frequencies, but that none of the observed values were zero. The overall performance of the branched pathway is indicated in Table 5 . The difference between the simulated branched pathway and the clinical observations is RMSD=20.62. The branched pathway produces a smaller deviation than the linear and the nonlinear pathways, but a greater deviation than that between the clinical observations, RMSD=18.38.
Parallel pathway
Each of the pathways considered above included several implicit assumptions. It was assumed that DCIS was a progenitor of IDC and that there were one or more transitions between grades of DCIS and IDC. Also, it was assumed that all patients could be described by the same set of transition rates between grades, i.e. that there was not a group of patients that required a different description than another group of patients. The parallel pathway does not make these assumptions.
In the parallel pathway, transitions do not occur between grades of DCIS and grades of IDC. DCIS is not a progenitor of IDC, but rather, DCIS and IDC diverge from a common progenitor. There is progression from DCIS 1, to DCIS 2, to DCIS 3, and in parallel, there is progression at about the same rate from IDC 1, to IDC 2, to IDC 3 (Fig. 4) . This pathway also takes into account the possibility that DCIS and IDC diverge from a common progenitor at different times in different groups of patients. Fig. 4 illustrates pairs of lineages of progression, one for progression through grades of DCIS, and a separate parallel lineage for progression through grades of IDC. In some groups of patients, the lineage of DCIS starts first, and in another equal number of patients, the lineage of IDC starts first. These trajectories diverge at the same time from a common progenitor in about two-thirds of the patients (proportion, p ¼ 0:642), and at different times in about onethird of the patients (p ¼ 0:326 þ 0:032). The proportion of patients in each of the five groups shown in Fig. 4 produce the co-occurrence frequencies in Table 4 . Twothirds of the patients have DCIS and IDC diverging at the same time, and this generates the most common cooccurrence frequencies, those on the diagonal. One-third of the patients have DCIS and IDC diverging at different times, which generates the co-occurrence frequencies in the off-diagonals. In contrast to the linear, nonlinear, and branched pathways, the parallel pathway simulates non-zero values for all nine out of nine possible co-occurrence frequencies. The overall performance of the parallel pathway, indicated by the difference between the simulated co-occurrence frequencies and the clinical observations, is RMSD=18.82. This is very similar to the variation between the observations by the Van Nuys system and the observations by the Holland system, RMSD=18.38. The parallel pathway is best at simulating the clinical observations (Table 5 ).
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Discussion
The breast biopsies of some patients contain two components, carcinomas in situ and invasive ductal carcinomas. Each of these components is subclassified as grade 1, 2, or 3 (well differentiated, intermediately differentiated, or poorly differentiated). In situ carcinomas are thought to be the progenitors of invasive carcinomas, but the pathway between the three grades of in situ lesions and the three grades of invasive carcinomas is not clear.
In order to determine the relationship between each of the grades of in situ and invasive carcinomas, results of simulations of four pathways were compared with clinically observed frequencies at which a grade of DCIS and a grade of IDC occur in the same biopsy. Each of the four pathways reproduced, with varying degrees of correspondence, the clinical observations. Three of these pathways describe one or more grades of carcinomas in situ progressing to one or more grades of invasive carcinomas. The pathway that best reproduces the clinically observed data is one in which grades of in situ carcinoma are not the progenitors to invasive carcinoma, but rather they have a common progenitor and there is parallel progression through the grades of in situ carcinoma and through grades of invasive carcinoma. These results supersede the previous report about two of the pathways (Subramanian and Axelrod, 2001) .
The clinical observations that were used in this study reported the number of specimens that were classified as ductal carcinoma in situ (DCIS) grade 1, 2, or 3, and in addition, invasive ductal carcinoma (IDC) grade 1, 2, or 3, for a total of nine possible co-occurrence frequencies (Gupta et al., 1997; Cadman et al., 1997; Leong et al., 2001 ). The observed co-occurrence matrices have a pattern. The most numerous observed co-occurrence frequencies populate the diagonal, e.g. DCIS 1 and IDC 1, DCIS 2 and IDC 2, and DCIS 3 and IDC 3. This correspondence between the grades of DCIS and the grades of IDC has been noted by Gupta et al., Cadman et al., and others . Approximately two-thirds of the specimens have DCIS and IDC with corresponding grades. The remaining one-third of the specimens populate the off-diagonal positions, e.g. DCIS 1 and IDC 2, DCIS 2 and IDC 1, DCIS 2 and IDC 3, and DCIS 3 and IDC 2. The least frequent co-occurrences are far off the diagonal, e.g. DCIS 1 and IDC 3, and DCIS 3 and IDC 1. Attempts were made to reproduce the pattern of the observed co-occurrence frequencies with simulations based on four different pathways.
Some of the models investigated were motivated by pathways that other investigators described in order to summarize their observations. A simple linear pathway in which there is progression from DCIS 1, to DCIS 2, to DCIS 3, to IDC 1, to IDC 2, to IDC 3 was described by Gupta et al. and by Leong et al. However , they considered such a linear pathway unlikely, since it would not readily explain the correlation between the appearance of corresponding grades of DCIS and IDC (Gupta et al.) , and the similarity of proteins expressed in corresponding grades of DCIS and IDC (Leong et al.) . Nevertheless, the possibility that a linear pathway could explain the observed co-occurrence of grades of DCIS and IDC was investigated. Rate constants were found Table 5 Comparison of pathway simulations and clinical observations that could produce co-occurrence frequencies similar to those observed. This simulation result could account for the similarity of cytological observations if the rate of progression through all grades was not uniform, resulting in the accumulation of corresponding grades in approximately equal amounts. In order for the linear pathway to account for the correlation of protein expression among corresponding grades of DCIS and IDC, it would be necessary to consider the possibility that the proteins that were expressed in corresponding grades were influencing the microscopic appearance of cells of corresponding grades, or less directly, that common factors influenced the appearance of cells and the expression of proteins.
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Two pathways, nonlinear and branched, describe progression from grades of DCIS to corresponding grades of IDC, and in addition, progression from low grades of DCIS to higher grades of DCIS, and from low grades of IDC to higher grades of IDC. These pathways were based, in part, on reports of chromosome or protein changes in various grades of DCIS and IDC. Measuring protein expression patterns, Leong et al. (2001) and Mommers et al. (2001b) proposed that atypical hyperplasia could progress to grades DCIS, and then each grade of DCIS could progress to the corresponding grade of IDC. Roylance et al. (1999) concluded that there was not progression from welldifferentiated tumors to poorly differentiated tumors, based on chromosome region losses and gains determined by comparative genomic hybridization. Their conclusion was confirmed with microsatellite markers (Roylance et al., 2002) . However, based on comparative genomic hybridization, Buerger et al. (1999) proposed that atypical hyperplasia could progress to all three grades of DCIS and, in addition, that there could be progression between grades of DCIS. The nonlinear and branched pathways take into account each of these possibilities. In the nonlinear pathway, atypical hyperplasia progresses only to DCIS 1, and only IDC 3 can progress to metastasis; in the branched pathway, atypical hyperplasia can progress to all three grades of DCIS, and all three grades of IDC can progress to metastasis. Rate constants were found for both the nonlinear and branched pathways that could produce co-occurrence frequencies somewhat similar to those observed.
The linear, nonlinear, and branched pathways describe DCIS as a progenitor to IDC. This conclusion is consistent with various observations, including relative risk, gene expression (by microarrays and serial analysis of gene expression), and genome alterations (by cytogenetic analysis, comparative genomic hybridization measurements of gains and losses, and loss of heterozygosity of microsatellite markers). Some of the most distinct changes in gene expression are observed between normal epithelium and DCIS, and between atypical hyperplasia and DCIS (Porter et al., 2001; Ma et al., 2003) . Many of these observations have been reviewed by van Diest (1999), Jeffrey and Pollack (2003) , and Reis-Filho and Lakhani (2003) . Although these observations are consistent with DCIS being a progenitor of IDC, they do not exclude the possibility that DCIS and IDC may have a common progenitor and progress in separate lineages. Observations that have been interpreted specifically as consistent with independent progression of DCIS and IDC have included measurements of nuclear morphometry (Mommers et al., 2001a; Mariuzzi et al., 2002) and microsatellite markers (Fujii et al., 1996; Lichy et al., 2000) .
The possibility was also considered that DCIS is not always a progenitor to IDC, but rather, that DCIS and IDC may have a common progenitor. This model was motivated, in part, by Tsao et al. (1999 Tsao et al. ( , 2000 who characterized microsatellites in adjacent colorectal adenoma-carcinoma pairs. They concluded that adenomas and carcinomas diverge from a common ancestor and progress as separate lineages, rather than a sequence in which the adenomas are progenitors to carcinomas. In the parallel pathway considered in this study, the grades of breast DCIS and IDC diverge from a common progenitor and progress through their lineages separately. There is no grade of DCIS that progresses to a grade of IDC. The divergence may occur at different times in different subpopulations of patients. The parallel pathway produces simulation results that are closer to the observed co-occurrence frequencies than the other three models that describe DCIS as a progenitor to IDC.
When evaluating the results of this study, several limitations should be taken into account. Some of these are common to other modeling studies. First, the four pathways considered are not a complete set of all possible models. Some of the models were chosen because they had been proposed to explain the clinical observations, but their ability to quantitatively reproduce the clinical observations had not been investigated. Other models were elaborations of the previously proposed models or were developed for this study. Nevertheless, no attempt was made to develop and investigate a complete set of all possible models. Second, not all possible optimization procedures were used to determine the best parameter values to fit the clinical observations. A genetic algorithm, random sampling algorithm, and a directed search method were used for this study. The directed search method used initial values obtained from the random search algorithm. The direct method used here has advantages over methods such as the quasi-Newtonian method because the direct method does not depend on numerical gradients. This is an important consideration because the the error functions in this study are locally constant. Other optimization procedures could have been used. Third, a possible change in total number of cells due to birth and death has not been described in these models.
A fourth limitation is that the evaluation of simulation results depends on the reliability of the observed data to which it is compared. The grading of clinical specimens is dependent upon human judgment, and therefore has intra-and interobserver variation. In this study, the ''experimental error'' of the observations is estimated by taking into account the deviations between grading of the same specimens by the same investigators as reported by each of three laboratories that used two different grading schemes. Nevertheless, since distinctions between grades 1 and 2, and between 2 and 3 are subtle it might be assumed that all specimens with DCIS and IDC should have been graded as DCIS1 and IDC 1, or DCIS 2 and IDC 2, or DCIS 3 and IDC 3. This would have resulted in entries in the co-occurrence matrix only on the diagonal. The entries reported in the off diagonal and far off diagonal would then have been the result of misgrading. It would be possible to generate the entire observed co-occurrence matrices by further assuming that the misgrading happened in the proportions shown in Fig. 4 . About two-thirds of the specimens would have been graded correctly as DCIS 1 and IDC 1, or DCIS 2 and IDC 2, or DCIS 3 and IDC 3. The other one-third of the specimens would have been graded incorrectly. The proportions resulting from the differences in time of divergence from a common progenitor illustrated in Fig. 4 would be re-interpreted as probabilities of misgrading. The validity of the assumption that all specimens with both DCIS and IDC have the same grade of DCIS and IDC could be tested by using objective quantitative measurements obtained by image analysis (Axelrod et al., 2003) , and establishing reproducible criteria for discriminating between grades.
DCIS accounts for 12-15% of newly diagnosed breast cancer cases, about 39,000 per year in the United States (Winchester et al., 2000; Silverstein, 2000) . A better understanding of the relationship between non-invasive and invasive breast lesions could yield improvements in prevention, diagnosis, and treatment (Fisher, 1996; O'Shaughnessy et al., 2002; Hong, 2002, Burstein et al., 2004) . Although the term ''ductal carcinoma in situ'' has been widely used, it may be misleading. It has been proposed that it would be more appropriate to refer to the non-invasive proliferative lesions of hyperplasia, atypical hyperplasia, and ductal carcinoma in situ with the term ''ductal intraepithelial neoplasia'' (Tavassoli, 1998) . This is more than a suggestion for a change in nomenclature, it is a change of concept. It allows reference to lesions that are abnormal without using the term ''carcinoma,'' which implies that carcinomas in situ are obligate progenitors to invasive cancer. Our simulation results are consistent with the concept that some lesions diagnosed and referred to as carcinomas in situ may not be obligate progenitors to invasive carcinomas.
In summary, four pathways were investigated that describe possible relationships between grades of breast ductal carcinoma in situ and grades of invasive carcinoma found in the same patients. For each of the four pathways, parameter values were found that simulated co-occurrence frequencies resembling the frequencies observed clinically. The pathway that simulated the best correspondence with clinical data described DCIS and IDC as diverging from a common progenitor, and progressing through higher grades in parallel lineages. These results suggest the possibility that when breast carcinoma in situ is found with invasive carcinoma, the in situ component may not have been the progenitor of the invasive component.
